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Abstract
Let K be a nonempty closed convex subset of a real Banach space E and let T :K → K be a uniformly
continuous pseudocontraction. Fix any u ∈ K . Let {xn} be defined by the iterative process: x0 ∈ K , xn+1 :=
μn(αnT xn + (1 − αn)xn) + (1 − μn)u. Let δ() denote the modulus of continuity of T with pseudo-
inverse φ. If {φ(t)/t : 0 < t < 1} and {xn} are bounded then, under some mild conditions on the sequences
{αn}n and {μn}n, the strong convergence of {xn} to a fixed point of T is proved. In the special case where T
is Lipschitz, it is shown that the boundedness assumptions on {φ(t)/t : 0 < t < 1} and {xn} can be dispensed
with.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let E be a real Banach space and let E∗ denote its dual space. Let K be a nonempty subset
of E. A map T :K → E is said to be pseudocontractive (or is called a pseudocontraction) if for
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C.E. Chidume, A. Udomene / J. Math. Anal. Appl. 323 (2006) 88–99 89all x, y ∈ K there exists j (x − y) ∈ J (x − y) such that 〈T x − Ty, j (x − y)〉 ‖x − y‖2, where
J :E → 2E∗ is the normalized duality mapping defined by
J (x) := {f ∈ E∗: 〈x,f 〉 = ‖x‖‖f ‖; ‖f ‖ = ‖x‖}.
The map T is said to be nonexpansive if ‖T x − Ty‖ ‖x − y‖ ∀x, y ∈ K . It is easy to see that
every nonexpansive map is pseudocontractive. It is well known that if E∗ is strictly convex then
J is single-valued. In the sequel, we shall denote single-valued duality mappings by j .
The class of pseudocontractions is, perhaps, the most important generalization of the class of
nonexpansive maps because of its strong relationship with the class of accretive maps. A map
A :E → E is accretive if and only if T : I − A is pseudocontractive. The accretive maps are
connected with existence results for nonlinear evolution equations (see, e.g., [10,11]).
In [6] Halpern introduced an iterative scheme, in Hilbert spaces H , and employed it to approx-
imate fixed points of a nonexpansive map T : B¯ → B¯ where B¯ = {x ∈ H : ‖x‖ 1}. Following
the ideas in [6], Schu [13] introduced an iterative scheme, still in Hilbert spaces H , for the ap-
proximation of fixed points of Lipschitz pseudocontractive maps.
In fact, three iteration methods have been introduced and have successfully been employed to
approximate fixed points of Lipschitz pseudocontractive mappings. The first was introduced in
1974 by Ishikawa who proved the following theorem.
Theorem I. [7] If K is a compact convex subset of a Hilbert space H , T :K → K is a Lip-
schitzian pseudocontractive map and x0 is any point of K , then the sequence {xn} iteratively
defined by x0 ∈ K ,
xn+1 = (1 − αn)xn + αnT
(
(1 − βn)xn + βnT xn
)
, n 0, (1)
converges strongly to a fixed point of T , where {αn}, {βn} are sequences of positive numbers
satisfying the conditions
(i) 0 αn  βn < 1; (ii) lim
n→∞βn = 0; (iii)
∑
n0
αnβn = ∞.
The second was introduced, also in 1974, by Bruck who proved the following theorem.
Theorem B. [2] Let U be a maximal monotone operator on H with 0 ∈R(U). Suppose {λn} and
{θn} are acceptably paired, z ∈ H , and the sequence {xn} ⊂D(U) satisfies
xn+1 = xn − λn
(
vn + θn(xn − z)
)
, vn ∈ U(xn), (2)
for n = 1,2, . . . . If {xn} and {vn} are bounded, then {xn} converges strongly to x∗, the point of
U−1(0) closest to z.
Examples of sequences that are acceptably paired (in the sense of [2]) are: λn = n−1, θn =
(log logn)−1, n(i) = ii (see, e.g., [2]).
The third iteration scheme was introduced in 1991 by Schu who proved the following theorem.
Theorem S. [13] Let K be a nonempty, closed convex and bounded subset of a Hilbert space H ;
T :K → K be a Lipschitz pseudocontractive map with Lipschitz constant L  0; {λn}n∈N ⊂
(0,1) with limn→∞ λn = 1; {αn}n∈N ⊂ (0,1) with limn→∞ αn = 0 such that ({αn}, {μn}) has
property (A), {(1 − μn)(1 − λn)−1} is bounded and
lim
1 − μn = 0, where kn :=
(
1 + α2n(1 + L)2
)1/2
and μn := λn ,n→∞ αn kn
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zn+1 := μn+1
(
αnT zn + (1 − αn)zn
)+ (1 − μn+1)u. (3)
Then {zn}n converges strongly to the unique fixed point of T closest to u.
Here the pair of sequences ({αn}n, {μn}n) ⊂ (0,∞) × (0,1) is said to have property (A) if
and only if the following conditions hold:
(i)′ {αn}n is decreasing;
(ii)′ {μn}n is strictly increasing;
(iii)′ There exists a strictly increasing sequence {βn}n ⊂N such that
(a)′ limn αn−αn+βn1−μn = 0;
(b)′ limn(1 − μn+βn)(1 − μn)−1 = 1;
(c)′ limn βn(1 − μn) = ∞.
An example of a pair of sequences having property (A) is: αn := (n + 1)−1/4(L + 1)−1, μn :=
1 − (n + 1)−1/2 (see, e.g., [13]), where L denotes the Lipschitz constant in Theorem S.
We make the following remarks. 1. Theorem I seems to be confined to Hilbert spaces. There is
yet no extension of it to Banach spaces more general than Hilbert spaces.
2. The recursion formula (2) of Theorem B has recently been modified by Chidume and Zeg-
eye [4] and then applied to approximate fixed points of Lipschitz pseudocontractive maps in real
Banach spaces with uniformly Gâteaux differentiable norms. Moreover, in this modification the
sequences {λn} and {θn} need no longer be acceptably paired. Prototypes for the theorems of
Chidume and Zegeye are
λn = 1
(n + 1)a , θn =
1
(n + 1)b , 0 < b < a and a + b < 1.
3. The recursion formula used by Chidume and Zegeye [4] referred to in (2) above is
xn+1 = (1 − λn)xn + λnT xn − λnθn(xn − x1), n 1.
It is easy to see that this recursion formula would require less computation time than the recursion
formula (1) of Theorem I. Furthermore, it converges in real Banach spaces much more general
than Hilbert spaces. It therefore seems superior to the iteration formula (1) for approximating
fixed points of Lipschitz pseudocontractive mappings.
4. We observe that the recursion formula (3) of Theorem S can be rewritten as follows:
zn+1 = αnu + (1 − αn)Snzn, (4)
where αn := 1 − μn+1 and Snz := (1 − βn)z + βnT z, n  0. The recursion formula (4) was
basically introduced in 1967 by Halpern in the case where S :K → K is a nonexpansive mapping
of a nonempty closed convex subset K of a Hilbert space into itself. The iteration process (4)
has recently been studied extensively for approximating fixed point of nonexpansive mappings
by various authors (e.g., Halpern [6], Wittmann [17], Reich [15,16], Xu [18,19], Chidume and
Chidume [14] and a host of other authors).
5. For the general case of Lipschitz pseudocontractive maps, Chidume [3] had extended The-
orem S to real Banach spaces possessing weakly sequentially continuous duality maps (e.g.,
	p spaces, 1 < p < ∞). In this extension, the iteration parameters αn ∈ (0,∞) and μn ∈ (0,∞)
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known that Lp spaces, 1 < p < ∞, p = 2, do not possess weakly sequentially continuous dual-
ity maps.
It is our purpose in this paper to extend Theorem S from Hilbert spaces to the much more
general class of real Banach spaces with uniformly Gâteaux differentiable norms and from the
class of Lipschitz pseudocontractive maps to the more general class of uniformly continuous
pseudocontractive maps. Moreover, our technique of proofs is of independent interest.
2. Preliminaries
Let E be a real normed linear space and let S := {x ∈ E: ‖x‖ = 1}. E is said to have a
Gâteaux differentiable norm (and E is called smooth) if the limit
lim
t→0
‖x + ty‖ − ‖x‖
t
exists for each x, y ∈ S; E is said to have a uniformly Gâteaux differentiable norm if for each
y ∈ S the limit is attained uniformly for x ∈ S. The modulus of smoothness of E is defined by
ρE(τ) := sup
{‖x + y‖ + ‖x − y‖
2
− 1: ‖x‖ = 1, ‖y‖ = τ
}
, τ > 0.
E is equivalently said to be smooth if ρE(τ) > 0 ∀τ > 0.
Let E be a linear space and let K be a subset of E. Then, for any x ∈ K , the set IK(x) =
{x + λ(z − x): z ∈ K, λ  1} is called the inward set of x. A mapping T :K → E is said to
satisfy the inward condition if T x ∈ IK(x) for each x ∈ K , and is said to satisfy the weakly
inward condition if T x ∈ cl[IK(x)], the closure of IK(x), for each x ∈ K .
The modulus of uniform continuity, δ(), of T is defined for all  > 0 by
δ() = sup{λ: ‖x − y‖ < λ ⇒ ‖T x − Ty‖ < }
and δ(0) = 0. By Proposition 3 of [8], δ() is nondecreasing, 0 δ()∞ and δ(‖T x−Ty‖)
‖x − y‖, ∀x, y ∈ E. Furthermore, Propositions 1 and 2 of [8] assert that the function
φ(t) = sup{s: δ(s) t},
called the pseudo-inverse of δ, is nondecreasing and right continuous, 0  φ(t) ∞ for t  0
and ‖T x − Ty‖ φ(‖x − y‖) ∀x, y ∈ E.
Lemma MJ. [12, Proposition 1] Let E be a Banach space. Suppose K is a nonempty closed
convex subset of E and T :K → E is a continuous pseudocontractive mapping satisfying the
weakly inward condition. Then for y0 ∈ K , there exists a unique path t → yt ∈ K, t ∈ [0,1),
satisfying the following condition:
yt = tT yt + (1 − t)y0. (5)
Remark 1. We first note that in Lemma MJ, if F(T ) := {x ∈ K: T x = x} = ∅, then {yt } is
bounded. This implies that, for an arbitrary u0 ∈ K , the set C defined by
C := {z ∈ K: T (z) = λz + (1 − λ)u0 for some λ > 1}
is bounded. On the other hand, if there exists some u0 ∈ K such that the set C is bounded then
{yt } is bounded (see [12, Proposition 2(iii)]). Furthermore, if E is assumed to be a reflexive
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bounded convex subset of K has the fixed point property for nonexpansive self-mappings, then
as t → 1, the path {yt : t ∈ [0,1)} converges strongly to a fixed point of T .
Lemma 2. Let {an}n be a sequence of nonnegative real numbers such that
an+1  (1 − λn)an + γn, n ∈N,
where {λn}n ⊂ [0,1], {γn}n ⊂ [0,∞), ∑∞n=0 λn = ∞ and γn = o(λn). Then, limn→∞ an = 0.
3. Main results
Let {μn}, {αn} be real sequences in (0,1) satisfying the following conditions:
(i) {αn} is decreasing and lim
n→∞αn = 0;
(ii) lim
n→∞μn = 1 and
∞∑
n=0
(1 − μn) = ∞;
(iii) (a) lim
n→∞
1 − μn
αn
= 0, (b) lim
n→∞
α2n
1 − μn = 0,
(c) lim
n→∞
μn − μn−1
(1 − μn)2 = 0, (d) limn→∞
αn−1 − αn
αn−1(1 − μn) = 0.
Examples of real sequences {μn} and {αn} that satisfy these conditions are
μn = 1 − (n + 1)−1/2 and αn = (n + 1)−1/3,
respectively. With the above assumptions we prove the following results.
3.1. Uniformly continuous pseudocontractions
In the sequel, δ() denotes the modulus of uniform continuity of T and φ denotes its pseudo-
inverse. For all the theorems and corollaries of this section we shall assume that {φ(t)/t : 0 <
t < 1} is bounded.
Theorem 3. Let K be a nonempty closed convex bounded subset of a real Banach space E. Let
T :K → K be a uniformly continuous pseudocontraction. Fix any u ∈ K , let {xn} be a sequence
generated from an arbitrary x0 ∈ K by
xn+1 := μn
(
αnT xn + (1 − αn)xn
)+ (1 − μn)u, n ∈N. (6)
Then ‖xn − T xn‖ → 0 as n → ∞.
Proof. Set tn = αn/(1 − μn + αn) ∀n ∈N. Then tn ∈ (0,1) for each n ∈N. By the given condi-
tion (iii)(a), tn → 1 as n → ∞. It follows from Lemma MJ that there exists a unique sequence
{yn} ⊂ K satisfying the following conditions:
yn = tnT yn + (1 − tn)u, n ∈N. (7)
Observe that (7) can be rewritten as
yn = μn
(
αnTyn + (1 − αn)yn
)+ (1 − μn)u + (1 − μn)αn(T yn − yn).
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following estimates:
‖xn+1 − yn‖2 = (1 − αn)μn
〈
xn − yn, j (xn+1 − yn)
〉+ μnαn〈T xn+1 − Tyn, j (xn+1 − yn)〉
+ μnαn
〈
T xn − T xn+1, j (xn+1 − yn)
〉
+ (1 − μn)αn
〈
yn − Tyn, j (xn+1 − yn)
〉
 (1 − αn)μn‖xn − yn‖‖xn+1 − yn‖ + μnαn‖xn+1 − yn‖2
+ μnαn‖T xn − T xn+1‖‖xn+1 − yn‖
+ (1 − μn)αn‖yn − Tyn‖‖xn+1 − yn‖
 (1 − αn)μn‖xn − yn‖‖xn+1 − yn‖ + μnαn‖xn+1 − yn‖2
+ μnαnφ
(‖xn − xn+1‖)‖xn+1 − yn‖
+ (1 − μn)αn‖yn − Tyn‖‖xn+1 − yn‖,
so that
‖xn+1 − yn‖
(
1 − 1 − μn
1 − αnμn
)
‖xn − yn−1‖ + 11 − αnμn ‖yn − yn−1‖
+ αnμn
1 − αnμn φ
(‖xn − xn+1‖)+ (1 − μn)αn1 − αnμn ‖yn − Tyn‖. (8)
Now observe that the mapping Jn := [I + αn1−μn (I − T )]−1 is nonexpansive and that yn =
Jnu, ∀n ∈N. Using these facts, we have the following estimates for ‖yn − yn−1‖:
‖yn − yn−1‖ = ‖Jnu − yn−1‖
∥∥∥∥u −
[
yn−1 + αn1 − μn (yn−1 − Tyn−1)
]∥∥∥∥
=
∣∣∣∣ αn−11 − μn−1 −
αn
1 − μn
∣∣∣∣‖yn−1 − Tyn−1‖

∣∣∣∣1 − αn1 − μn
1 − μn−1
αn−1
∣∣∣∣‖u − yn−1‖
=
∣∣∣∣ (αn−1 − αn)(1 − μn) − αn(μn − μn−1)αn−1(1 − μn)
∣∣∣∣‖u − yn−1‖.
Clearly, there exist M0 > 0 and c > 0 such that ‖yn−Tyn‖M0, ‖u−yn‖M0, ‖xn−T xn‖
M0, ‖u − xn‖M0 and 1−μnαn  c, ∀n ∈N. Then
‖xn − xn+1‖ =
[
μnαn + (1 − μn)
]
M0  αn(1 + c)M0, ∀n ∈N. (9)
Thus, from (8) we have that
‖xn+1 − yn‖
(
1 − 1 − μn
1 − αnμn
)
‖xn − yn−1‖
+
[
1
1 − αnμn
(
αn−1 − αn
αn−1
+ |μn − μn−1|
1 − μn
)
+ (1 − μn)αn
1 − αnμn
]
M
+ αnμn
1 − αnμn φ
(
αn(1 + c)M0
)
. (10)
If we set λn := 1−μn and1−αnμn
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[
1
1 − αnμn
(
αn−1 − αn
αn−1
+ |μn − μn−1|
1 − μn
)
+ (1 − μn)αn
1 − αnμn
]
M
+ αnμn
1 − αnμn φ
(
αn(1 + c)M0
)
,
it is easy to see that γn = o(λn). Therefore, from Lemma 2 and the conditions on the sequences
of real numbers {αn}, {μn}, inequality (10) implies that ‖xn+1 − yn‖ → 0 as n → ∞. Since K is
bounded, it follows from (9) that ‖xn − xn+1‖ → 0 as n → ∞. Thus, ‖xn − yn‖ → 0 as n → ∞.
Observe that ‖yn − Tyn‖ = 1−μnαn ‖u − yn‖ → 0 as n → ∞. Since T is uniformly continuous
on K we have that
‖xn − T xn‖ ‖xn − yn‖ + ‖yn − Tyn‖ + ‖Tyn − T xn‖ → 0,
as n → ∞. Hence the proof. 
Theorem 4. Let K be a nonempty closed convex bounded subset of a real reflexive Banach space
E with a uniformly Gâteaux differentiable norm. Let T :K → K be a uniformly continuous
pseudocontraction. Suppose that every nonempty closed convex subset of K has the fixed point
property for nonexpansive self-mappings. Fix any u ∈ K , let {xn} be a sequence generated from
an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed point of T .
Proof. By Lemma MJ and Remark 1, the sequence {yn} given by (7), with tn = αn1−μn+αn , ∀n ∈N
exists and converges strongly to a fixed point of T . As in the proof of Theorem 3, we have that
‖xn − yn‖ → 0 as n → ∞. Hence, {xn} converges strongly to the same fixed point of T . 
Corollary 5. Let K be a nonempty closed convex bounded subset of a real reflexive Banach space
E with a uniformly Gâteaux differentiable norm. Let T :K → K be a uniformly continuous
pseudocontraction. Suppose that F(T ) = ∅. Fix any u ∈ K , let {xn} be a sequence generated
from an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed point of T .
Corollary 6. Let E be a real reflexive Banach space with a uniformly Gâteaux differentiable
norm. Let K be a nonempty closed convex bounded subset of E with normal structure and let
T :K → K be a uniformly continuous pseudocontraction. Fix any u ∈ K , let {xn} be a sequence
generated from an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed point of T .
Proof. Every nonempty closed convex subset of K has the fixed point property for nonexpansive
self-mappings since E has normal structure (cf. [9]). The proof follows from Theorem 4. 
Also since uniform normal structure implies reflexivity (see, e.g., [1]), we also have the fol-
lowing corollary. Recall that all uniformly smooth and uniformly convex Banach spaces have
uniform normal structure.
Corollary 7. Let E be a real Banach space with a uniformly Gâteaux differentiable norm. Let
K be a nonempty closed convex bounded subset of E with uniform normal structure and let
T :K → K be a uniformly continuous pseudocontraction. Fix any u ∈ K , let {xn} be a sequence
generated from an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed point of T .
If K does not satisfy the fixed point property for nonexpansive self-mappings but E is reflex-
ive and strictly convex then we have the following result.
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differentiable norm. Let K be a nonempty closed convex bounded subset of E and let T :K → K
be a uniformly continuous pseudocontraction with a fixed point in K . Fix any u ∈ K , let {xn} be
a sequence generated from an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed
point of T .
Proof. This follows from Theorem 2 of [12] and the proof of Theorem 3. 
Corollary 9. Let E be a real uniformly convex Banach space with a uniformly Gâteaux differ-
entiable norm. Let K be a nonempty closed convex bounded subset of E and let T :K → K be
a uniformly continuous pseudocontraction with a fixed point in K . Fix any u ∈ K , let {xn} be
a sequence generated from an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed
point of T .
For a reflexive Banach space, it is not known whether the admission of a weakly sequentially
continuous duality mapping implies the existence of a uniformly Gâteaux differentiable norm
(see also [12]). In this connection, we have the following theorem.
Theorem 10. Let E be a real reflexive Banach space which admits a weakly sequentially con-
tinuous duality mapping, J :E → E∗. Let K be a nonempty closed convex bounded subset of E
and let T :K → K be a uniformly continuous pseudocontraction. Fix any u ∈ K , let {xn} be a
sequence generated from an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed
point of T .
Proof. By Lemma MJ, the sequence {yn} given by (7), with tn = αn1−μn+αn , ∀n ∈ N, exists and
by Theorem 1.2 of [13] converges strongly to a fixed point, x∗ say, of T . From the proof of
Theorem 3, {xn} also converges to x∗. 
Corollary 11. Let E be a real Hilbert space. Let K be a nonempty closed convex bounded subset
of E and let T :K → K be a uniformly continuous pseudocontraction. Fix any u ∈ K , let {xn}
be a sequence generated from an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed
point of T .
3.2. Lipschitz pseudocontractions
In this subsection, we consider the cases where the map T is Lipschitz and the sequence {xn}
is not assumed to be bounded. Let L 0 denote the Lipschitz constant of T .
Theorem 12. Let K be a nonempty closed convex subset of a real reflexive Banach space E
with a uniformly Gâteaux differentiable norm. Let T :K → K be a Lipschitz pseudocontraction.
Suppose that every nonempty closed convex bounded subset of K has the fixed point property for
nonexpansive self-mappings. Fix any u ∈ K , let {xn} be a sequence generated from an arbitrary
x0 ∈ K by (6). If there exists some u0 ∈ K such that the set
C := {x ∈ K: T x = u0 + λ(x − u0), λ > 1} (11)
is bounded, then {xn} converges strongly to a fixed point of T .
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t
 L,
for all t > 0.
From Lemma MJ, the sequence {yn} given by (7), with tn = αn1−μn+αn , ∀n ∈ N, exists in K .
If there exists u0 ∈ K such that C is bounded then by Remark 1, {yn} is bounded and converges
strongly to a fixed point, x∗ say, of T . Thus, F(T ) := {x ∈ K: T x = x} = ∅.
We next show that the sequence {xn} is bounded. Let x∗ ∈ F(T ), c := supn1{(1 − μn)/αn}.
Since αn → 0 and α2n/(1 − μn) → 0 as n → ∞ there exists N ∈N large enough such that
αn 
1
4(1 + L + c) and
α2n
1 − μn 
1
4(1 + L + c)2 .
Choose r > 0 sufficiently large such that ‖xN − x∗‖ r and ‖u − x∗‖ 2r/5. We proceed by
induction to show that ‖xn − x∗‖  r, ∀n  N . Assume that ‖xn − x∗‖  r for some n > N .
Then
‖xn+1 − x∗‖2 =
〈
xn − x∗, j (xn+1 − x∗)
〉− (1 − μn)〈xn+1 − x∗, j (xn+1 − x∗)〉
+ (1 − μn)
〈
xn+1 − xn, j (xn+1 − x∗)
〉− αnμn〈xn − T xn, j (xn+1 − x∗)〉
+ (1 − μn)
〈
u − x∗, j (xn+1 − x∗)
〉
 ‖xn − x∗‖‖xn+1 − x∗‖ − (1 − μn)‖xn+1 − x∗‖2
+ (1 − μn)‖xn+1 − xn‖‖xn+1 − x∗‖ − αnμn
〈
xn − T xn, j (xn+1 − x∗)
〉
+ (1 − μn)‖u − x∗‖‖xn+1 − x∗‖
 ‖xn − x∗‖‖xn+1 − x∗‖ − (1 − μn)‖xn+1 − x∗‖2
+ (1 − μn)‖xn+1 − xn‖‖xn+1 − x∗‖
+ αnμn
〈
xn+1 − T xn+1 − (xn − T xn), j (xn+1 − x∗)
〉
+ (1 − μn)‖u − x∗‖‖xn+1 − x∗‖
 ‖xn − x∗‖‖xn+1 − x∗‖ − (1 − μn)‖xn+1 − x∗‖2
+ (1 − μn)‖xn+1 − xn‖‖xn+1 − x∗‖
+ αnμn(1 + L)‖xn+1 − xn‖‖xn+1 − x∗‖
+ (1 − μn)‖u − x∗‖‖xn+1 − x∗‖
= ‖xn − x∗‖‖xn+1 − x∗‖ − (1 − μn)‖xn+1 − x∗‖2
+ [(1 − μn) + αnμn(1 + L)]‖xn+1 − xn‖‖xn+1 − x∗‖
+ (1 − μn)‖u − x∗‖‖xn+1 − x∗‖,
so that
‖xn+1 − x∗‖ ‖xn − x∗‖ − (1 − μn)‖xn+1 − x∗‖ + αn(1 + L + c)‖xn+1 − xn‖
+ (1 − μn)‖u − x∗‖. (12)
Since
‖xn+1 − xn‖
[
αn(1 + L) + (1 − μn)
]‖xn − x∗‖ + (1 − μn)‖u − x∗‖,
from (12) we have that
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+ αn(1 + L + c)
[
αn(1 + L) + (1 − μn)
]‖xn − x∗‖
+ αn(1 − μn)(1 + L + c)‖u − x∗‖ + (1 − μn)‖u − x∗‖
= ‖xn − x∗‖ − (1 − μn)‖xn+1 − x∗‖
+ (1 − μn)
[
αn
2
1 − μn (1 + L + c)(1 + L) + αn
]
‖xn − x∗‖
+ (1 − μn)
[
αn(1 + L + c) + 1
]‖u − x∗‖
= ‖xn − x∗‖ − (1 − μn)‖xn+1 − x∗‖
+ (1 − μn)12‖xn − x
∗‖ + (1 − μn)54‖u − x
∗‖
 r − (1 − μn)‖xn+1 − x∗‖ + (1 − μn) r2 + (1 − μn)
r
2
.
Therefore, ‖xn+1 − x∗‖ r. It follows that ‖xn − x∗‖ r, ∀nN , and hence {xn} is bounded.
Hence, the conclusion of the theorem follows from Theorem 4. 
Corollary 13. Let K be a nonempty closed convex subset of a real reflexive Banach space E
with a uniformly Gâteaux differentiable norm. Let T :K → K be a Lipschitz pseudocontraction.
Suppose that F(T ) = ∅. Fix any u ∈ K , let {xn} be a sequence generated from an arbitrary
x0 ∈ K by (6). Then {xn} converges strongly to a fixed point of T .
Remark 14. Corollary 13 is an improvement on Theorem S and Theorem 3.2 of [3] to a class
of Banach spaces which includes the Lp spaces, 1 < p < ∞. Theorem S and Theorem 3.2
of [3] were established for Banach spaces that admit weakly sequentially continuous duality
mappings. It is known that this subclass of the Banach space does not include the Lp spaces
(1 < p < ∞, p = 2) (cf. [5]).
Observe that the condition that F(T ) = ∅ is stronger than the condition that the set C defined
by (11) be bounded (see [12, Proposition 2(iv)] and Remark 1 above). Thus, Corollaries 15 and 16
below, remain true if the assumption that the set C be bounded is replaced by the assumption that
F(T ) = ∅.
Corollary 15. Let E be a real reflexive Banach space with a uniformly Gâteaux differentiable
norm. Let K be a nonempty closed convex subset of E with normal structure and let T :K → K
be a Lipschitz pseudocontraction. Fix any u ∈ K . Let {xn} be a sequence generated from an
arbitrary x0 ∈ K by (6). If there exists some u0 ∈ K such that the set (11) is bounded then {xn}
converges strongly to a fixed point of T .
Corollary 16. Let E be a real Banach space with a uniformly Gâteaux differentiable norm. Let K
be a nonempty closed convex subset of E with uniform normal structure and let T :K → K be a
Lipschitz pseudocontraction. Fix any u ∈ K . Let {xn} be a sequence generated from an arbitrary
x0 ∈ K by (6). If there exists some u0 ∈ K such that the set (11) is bounded then {xn} converges
strongly to a fixed point of T .
Corollary 17. Let E be a real reflexive and strictly convex Banach space with a uniformly
Gâteaux differentiable norm. Let K be a nonempty closed convex subset of E and let T :K → K
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generated from an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed point of T .
Proof. By Lemma MJ, the sequence {yn} given by (7) exists. Since T has a fixed point in K it
follows from Proposition 2(iv) of [12] that {yn} is bounded. The boundedness of {xn} follows
from the proof of Theorem 12. The conclusion follows from Theorem 8. 
Corollary 18. Let E be a real uniformly convex Banach space with a uniformly Gâteaux differ-
entiable norm. Let K be a nonempty closed convex subset of E and let T :K → K be a Lipschitz
pseudocontraction such that F(T ) = ∅. Fix any u ∈ K . Let {xn} be a sequence generated from
an arbitrary x0 ∈ K by (6). Then {xn} converges strongly to a fixed point of T .
Remark 19. We conclude the paper with the following observations.
A. The Ishikawa iteration process: x0 ∈ K ,
xn+1 = (1 − αn)xn + αnT
(
(1 − βn)xn + βnT xn
)
, n ∈N, (1)
with {αn} and {βn} satisfying the conditions in Theorem I is not known to converge to a fixed
point of T outside the Hilbert space, even if T is a Lipschitz pseudocontractive map defined
on a compact convex subset of the underlying space. It is surprising that if we replace xn by
a fixed element u ∈ K in the first term of the RHS in Eq. (1), the resulting iteration process
xn+1 = (1 − αn)u + αnT
(
(1 − βn)xn + βnT xn
)
, n ∈N,
studied in this paper, with appropriate conditions on {αn} and {βn} converges to a fixed point
of T in the much more general Banach spaces studied here.
B. All the theorems remain true if one replaces the recursion formula (6) by the so-called vis-
cosity process defined by
xn+1 := μn
(
αnT xn + (1 − αn)xn
)+ (1 − μn)f (xn), n ∈N, (13)
where f :K → K is a contraction map.
C. The addition of bounded error terms to recursion formula (6) leads to no further generaliza-
tion.
D. Finally, we remark that if E is a Banach space which admits a nonexpansive retraction
Q :E → K on a nonempty closed convex subset K (e.g., a Hilbert space) and T :K → E is
a pseudocontractive nonself-map then it is easy to show that all of the above results follow
if we replace the iteration process (6) with the following iteration process:
zn+1 := Q
(
μn
(
αnT zn + (1 − αn)zn
)+ (1 − μn)u), n ∈N. (14)
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